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Abstract—High penetration of distributed renewable energy
promotes the development of an active distribution network
(ADN). The power flow calculation is the basis of ADN analysis.
This paper proposes an approximate linear three-phase power
flow model for an ADN with the consideration of the ZIP model
of the loads and PV nodes. The proposed method is not limited to
radial topology and can handle high R/X ratio branches. Case
studies on the IEEE 37-node distribution network show a high
accuracy and the proposed method is applicable to practical uses
such as linear or convex optimal power flow of the ADN.

Index Terms—Active distribution network, linear power flow,
PV nodes, unbalanced distribution systems, ZIP model.

I. INTRODUCTION

IGH penetration of distributed renewable energy pro-

motes the development of an active distribution network
(ADN). Power flow calculation is the basis of ADN analysis.
Basic power flow equations are nonlinear which poses great
challenges for the optimization of an ADN, especially an un-
balanced network. Traditional DC power flow for transmission
networks may cause considerable error when applied to an
unbalanced distribution network due to the high R/X ratio of
the feeders. Two linear three-phase power flow models for a
distribution network are proposed in [1] and [2] respectively
based on the current injection method and high accuracy can
be achieved. However, PV nodes cannot be effectively con-
sidered in these current injection methods since the unknown
reactive power of the PV nodes cannot be modeled by the
current injection method.

In an ADN, there will be more and more PV nodes, such
as nodes with a reactive compensator, distributed generation
(DG) under constant voltage mode, and a voltage source
inverter (VSI). This paper proposes the formulation of a linear
power flow model for an unbalanced three-phase ADN with
the consideration of PV nodes. The contributions of this
paper are as follows: 1) a linear three-phase power flow for
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unbalanced distribution systems is proposed; 2) besides PQ
nodes, PV nodes can also be modeled; 3) the linearization of
ZIP characteristics of the loads is proposed.

II. METHODOLOGY
A. Basic Power Flow Equations

The basic three-phase power flow equations can be formu-
lated by taking the mutual inductance and interphase capaci-
tance among different phases into consideration. It is shown
as follows:
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where N denotes the number of nodes of the ADN; ¢ and j are
node indexes; o and (3 are phase indexes; P and () denote
the active and reactive injections of phase o and node 7; V,*
denotes the voltage magnitude and phase angle of the phase
o and node i; G%ﬁ , Bf‘jﬁ , and Gf‘jﬁ denote the conductance,
susceptance, and angle difference between phases « and [,
and nodes ¢ and j respectively.

B. Linear Approximations

Three linear approximations are applied to linearize the
relationship among active and reactive power, and voltage
magnitude and phase angle.

Approximation 1: Since the angle difference 67" of each
branch in the ADN is very small, the trigonometric sines
and cosines of it can be approximated as: cos¢;;* ~ 1 and
sin@%“ ~ 9%"‘. Hfjﬁ , the angle difference of the different
phases, is near 2/37w or —2/3m, the trigonometric functions of
which can also be linearized similarly near 2/3m or —2/3m.

Approximation 2: The productions of the two voltages are
linearized as follows by neglecting the second-order small
quantities [3].

Vie(Vie=Vi)=(Vie= Vi) +(1=Vie) = (1= Vi) (1= Vy)=(Vi = V)

2

Approximation 3: The ZIP model of the loads describing

the load variation with respect to the voltage is (taking active
power as an example):

P(V)=(F,V?+ RV + Fp) Ry A3)
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where F7y, F1, and Fp are the constant coefficients correspond-
ing to impedance, current, and power contributions; Py denotes
the active power of the load under normal voltage.

The second-order small quantities AV? is neglected to
obtain the approximated IP model of the loads.

P(V) = (F;V?+ RV + Fp)Py
= (Fz(1+AV)?  + K(1+AV) + Fp) Py
=~ (Fp — Fz)Po + [(QFZ + FI)Po] 14 (4)

C. Linear Power Flow Model

The first two approximations linearize the nonlinear terms
and trigonometric functions in the right side of (1) by first
order approximation. The third approximation transforms the
ZIP model into the PI model of the loads in the left side of
(1) by removing the production of two voltages. Thus, the
relationship between voltages and injections described in (1)
is fully linearized.

Equation (1) can be viewed as the summation of two parts:

A=V2 Z Z VjﬁG%B cos 9%5 (3)
j=1p=a

B=VeY > VIBY singgf. (6)
j=1pB=a

To illustrate our derivation process, the first part of (1),
which is denoted as A, is provided to demonstrate how the
linear relationship is derived. The rest of (1) can be linearized
accordingly.

According to Approximation 1, cos 03’6 can be linearized
as follows:

n

C
A=V2 Z Z VjﬁG?jB Cos 9%6
J=1p=a
~ aaa B B ap
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By disassembling the second sum term and according to
Approximation 2, (7) can be further approximated:

3 n 1 n C N
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where jeaq and ayae denote the phases that lead or lag to
phase « respectively.

Then, the original three-phase power equations can be neatly
presented in a matrix form:
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where P%, Q<, V®, and 6“ denote the IN-dimensional
vectors for active power, reactive power, voltage magnitude
and angle of phase o. J(QE?Q)(V@) is the N x N dimensional
matrix describing the coupling relationship between active (or
reactive) power and voltage magnitude (or angle) of phases «
and (. This matrix uncovers how the injections of the nodes
effect the nodal voltages.

The matrix J, (“IEQ) (ve) can be calculated using a three-phase

admittance matrix. For example, JAB = —1GAB 4 V3 BAB,
JAh = G2, where G*P and B®? denote the conductance
and susceptance matrices of phases a and . If the ZIP model
of the loads is considered, the vectors P<, Q% and matrices
Jpv, JGv should be revised accordingly by (4). Finally, the
vectors V' and 8% can be solved by the Gauss elimination
using (9).

D. Discussions

The proposed approach has four advantages:

1) It is capable of modeling unbalanced networks using
the three-phase admittance matrix: The unbalance of
the distributed energy resource allocation aggravates
the unbalance of the active distribution network. By
extending the single phase power flow equations and
using a three-phase admittance matrix, the unbalance
of the distribution system can be modeled.

2) Both PQ, and PV nodes can be taken into consideration:
The PQ nodes and PV nodes can be directly modeled
into the original unbalanced three-phase power flow
model. The PI node means that there is a constant
current injection into the node,

3) The ZIP model of the loads can be linearly embedded:
Approximation 3 shows that the ZIP characteristics of
the load can be linearized as an IP model. Thus, the
active and reactive power injected to the node is a linear
function of the node voltage. By revising the vectors
P<, Q“ and matrices J3¢, Jg?/, the ZIP model can
be taken into account.

4) It is applicable to both a radial and meshed network:
It should be noted that there is not any assumption
and approximations for the topology of the distribution
network in our proposed method. On the contrary, the
meshed network has less voltage drop compared with
radial network, which will improve the performance of
our proposed method.

III. CASE STUDY

The proposed method is applied to the IEEE 37-node test
feeder with unbalanced loads [4]. For simplicity, the voltage
dependencies of all loads are assumed to be identical (Fy7 =
0.7, 1 = 0.2, Fp = 0.1) for both active and reactive
power. Nodes #21 and #27 are specified as PV nodes with
the same voltage magnitudes as the original system in the
case with PV nodes. The voltages obtained by the back-
forward sweep algorithm are used as “real” values. The error
of the proposed method is defined as the absolute difference
between the calculated value and real value. Fig. 1 shows the
real and calculated voltage magnitudes with (W) and without
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(O) PV nodes. The dotted line (calculated) is close to, or
even overlapped with the solid line (real value). Without PV
nodes, the maximum and average errors are 1.49x10~2 and
3.70x10~%. Such errors meet the needs of many practical
applications. Fig. 2 presents the errors of the three-phase
voltage magnitudes calculated by our proposed method with
PV nodes. The maximum and average errors are 2.91x10~%
and 8.79x 107" respectively, which are comparable with the
method proposed in [1]. The introduction of PV nodes can
also largely reduce the error.
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Fig. 1. Voltage magnitudes of all nodes calculated by AC power flow and

the proposed method with (W) and without (O) PV nodes.
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Fig. 2. Error of the three-phase voltage magnitudes between AC power flow
and the proposed method with PV nodes.

In rural distribution networks, voltage percent variations
may be higher than 5%. To illustrate that our proposed method
is applicable for larger voltage variations, the original load is
expanded by 150%, 200%, and 300%. The average error of
the calculated voltage magnitudes are 1.00x 1073, 1.40x 1073,
and 2.80x 1073, respectively. The calculated voltage magni-
tude of all nodes when the loads are tripled is shown in Fig. 3.
It can be seen that even through the node voltage can be as
low as 0.91, the calculated voltages can obtain relative high
accuracy. In addition, the reactive power injections of the PV
nodes (Nodes #21 and #27) have been calculated. The relative
errors are 0.013% and 0.014% respectively, which also has
acceptable accuracy.
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Fig. 3. Voltage magnitudes of all nodes calculated by AC power flow and

the proposed method with loads tripled.

IV. CONCLUSION

This paper proposes a linear three-phase power flow model
for unbalanced an ADN. The ZIP model of the loads and PV
nodes is effectively considered in the proposed model. It can
achieve high accuracy especially for the ADN with PV nodes.
The error is so small that the proposed linearized power flow
has great potential in probabilistic load flow analysis, linear
or convex optimal power flow, and volt-VAR control.
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